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Abstract 

In low dimensional gravity on anti-de sitter space there exists a pos- 
sibility that the asymptotic isometry is raised to a Virasoro symmetry 
living at spatial infinity. We discuss in detail asymptotic isometry 
of the most general anti-de sitter dilaton gravity in two dimensions. 
From analysis of the boundary dynamics it turns out that the Vi- 
rasoro symmetry is not preserved in all the models. Moreover even 
anti-de sitter isomery cannot survive and asymptotic isometry consists 
of only time translation for all the models except Jackiw-Teitelboim 
(JT) model. Meanwhile there exists a hybride nonsinglet representa- 
tion of the isometry in JT model. 



1 Introduction 



The conception of asymptotic isometry of anti-de sitter (AdS) space 
has recently attracted much attention from the AdS/CFT correspondence 
viewpoint and gives a lot of information about the black hole entropy 
problem, strong coupling behavior of gauge theory and string theory ||, |]. 
Here AdS/CFT correspondence means that supergravity on AdS space is 
equivalent with a conformal field theory on the boundary 

Originally the asymptotic isometry of three dimensional anti-de sitter 
space was discussed in 1986 by Brown and Henneaux|l|. They showed that 
the asymptotic symmetry of Einsiten gravity on AdS space is not just the 
5*0(2, 2) AdS isometry but rather a two dimensional conformal (Virasoro) 
symmetry at spatial infinity which includes the isometry as a subgroup. They 
also identified the central charge of the Virasoro algebra with 

3 

°~ 2G V /Z A 

where G is the gravitational constant and A negative cosmological constant. 

In two dimensions there exists a possibility that the AdS asymptotic 
isometry is also raised to a conformal symmetry on the boundary just like in 
three dimensions. 

In this paper we analyze asymptotic isometry of two dimensional gravity 
in detail. We focus on AdS dilaton gravity models in which all the spacetimes 
of solutions possess a negative constant curvature. The AdS gravity models 
include Liouville induced gravity model || and Jackiw-Teitelboim (JT) model 
U with negative cosmological constant. 

We prove that nontrivial asymptotic isometry of general AdS dilaton 
gravity models except JT model is only the time translation. If the conformal 
symmetry on the boundary is respected, the canonical representation is forced 
to be singlet. 

On the other hand, the situation slightly changes in JT model. We show 
that the AdS symmetry can survive as asymptotic isometry in a nonsinglet 
representation composed of different canonical representation sectors. 

Our result suggests that even when the models are extented to supergrav- 
ity and quantized the asymptotic states do not belong to any representaion 
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of the boundary conformal group and that AdS/CFT correspondence does 
not work well in two dimensions. This aspect is quite different from in three 
dimensions. 

Here we want to comment on relations with other works already per- 
formed. A canonical representation of JT model has been already discussed 
by Henneaux|7|]. However he concentrated on an AdS variant boundary con- 
dition and did not deal with any combined representations to recover the 
AdS symmetry. 

Quantization of JT model has been also investigated 0, |[. However our 
nonsinglet representation has not yet been treated explictly . In this paper 
quantum realization of the AdS symmetry of JT model is beyond the scope. 



2 AdS Space in Two Dimensions 



Let us first review in brief two dimensional AdS space. This can be 
expressed as an embedded hypersurface in three dimensional flat spacetime 
with its metric signature (—1,-1,1). 

-2*-2* + X a = -i, (1) 

ds 2 = -dTl - dTl + dX 2 . (2) 

Here /x is a constant related with the curvature R = —2/j 2 . 
Taking the following parametrization: 

rp = 1 cos(/xt) 
/x sin (/xx ) ' 

m 1 sin(ut) , jS 

T 2 = -— (4) 
/x sm(/ix) 

X = — cot(/xx), (5) 
/x 

a metric in the full covered chart is obtained as 

ds 2 = — — -(-dt 2 + dx 2 ), (6) 
sin (/xx ) 
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where the coordinate variables run between 



— oo < t < oo, (7) 
-~<x<0. (8) 

The spatial infinity stays at x = and x = — -. In the following discus- 
sion, we will discuss asymptotic AdS space in which the space approaches to 
AdS space near x ~ —0. So omit another infinity and spacetimes with no 
asymptotic region on the left side can be taken account of. 

It is a well known fact that the metric eqn(||) has three killing vectors 
which forms 50(1,2) group and its infinitesimal transformation can be ex- 
plicitly written as follows. 

x" = x" -e"{x), (9) 
e* = e Q + ei cos(/xx) sm(/xt + 8 e ), (10) 
e x = €i sin (/re) cos (/it + S e ), (11) 

where eo, €\ and 6 e are group element parameters. These equations are also 
rewritten in a compact form using the conformal coordinates as 

x ± = t±x, (12) 
e 1 * 1 = eo + e% sin (jj,x ± + b^j . (13) 

Generators of these transformations are defined as 

L = -d x , (14) 
A* 

Li = -e^d x , (15) 
A* 

£-i = (16) 



and form the SO(l,2) algebra: 



[L Q , L ±1 ] = T L ±1 , (17) 
[L x , = 2L . (18) 
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This isometry is called AdS symmtery and has a root in maximally symmetric 
nature of the AdS space. The algebra has a casimir operator which is defined 
to commute with all the generators, and is expressed as 



M 2 = fi 



(19) 



There is another coordinate system frequently used because of simplicity 
of the metric form. Substitution of a parametrization form: 

T ' = -^fe + ^) + ^ (20) 

T * - ~h 2 (21) 

X =-U^-" X )-^ (22) 

into eqn(||) yields 

ds 2 = ^-(-dt 2 + dx 2 ). (23) 

In this chart the coordinate variables take values between — oo < x < 
0, — oo < t < oo and the spatial infinity stays at x = —0. 

Next we precisely define asymptotic anti-de sitter (AAdS) space in two 
dimensions in the same spirit of the three dimensional one proposed by Brown 
and HenneauxUUl . 

To fix boundary conditions of AAdS spaces, we must analyze a little bit 
what should be a AAdS space. Let us divide a metric of a will-be AAdS 
space into the AdS background metric ( |2"3"D and its deviation near the spatial 
infinity (x ~ —0). 

9ab = 9ab + h^, (24) 
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g ab dx a dx b = -^(-dt 2 + dx 2 ). (25) 

The asymptotic form of h a b near x = —0 should be specified by some bound- 
ary conditions for the space to be AAdS. Also it must be stressed that the 
boundary conditions are invariant under the SO(l,2) AdS isometry. This is 
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a crucial point clarified by Brown and Henneaux. Thus let us AdS transform 
the metric at the infinity by using eqnsfl^) fllPf) (]TTf) . 



S e h a b = V a e fe + V fe e b 

= <?a C V b e c + # foc V a e c 

+e c V c h ab + h ac V b e c + h bc V a e c 
+o(h 2 )- 

This realtions take simple forms in the conformal coodinates: 



5 e h±± 
5 f h+- 



2h±±d±e ± + e + d + h±± + e d-h±±, 



+e + d + h, + e'd^h 
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d. 



X 



x 



■h. 



(26) 



(27) 



(28) 



It is important to note in eqn ( |28"D that 

1 



lim 



2fi 2 x 2 
1 d 3 



x 



3fi 2 dt 3 



[e + ei sm(jjt + 5 e )\ = o(l). 



(29) 



This quantity is of the zeroth order of x near x = — and thus nonvanishing 
in the asymptotic region. Consequently the weakest boundary condition for 
the g + _ component of AAdS metric should take a form as 



1 



9+- 



2fi 2 x 2 



o(l). 



(30) 



Inspired by the Brown-Henneaux argument, we next impose another con- 
straint on the AAdS boundary conditon search. We will discuss later the 
AdS gravity model in which spacetimes of the solutions is the AdS space 
with R = —2/j 2 . Thus the model always possesses the two dimensional BTZ 
blackhole solution: 



ds 2 = - (u?r 2 - aj dt 2 + 



dr 2 



/j, 2 r 2 



(31) 
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where a is a constant related with mass. To map r 
change the coordinate as 



oo to X 



-0, we 



1 



x 



/i 2 r 



Then the metric behaves near x = — like 

1 



ds z 



\i 2 x 2 



dt 2 + dx) + a(dt 2 + dx) + o(x 



,b ' +(h + ^(dz +2 + d a r 2 )+o(x 2 ). 



[j?x 2 ' 2 



(32) 



The second constraint is that this solution(^) must also be AAdS. This 
is a just similar requirement to the three dimensional one |lj that point 
particle solutions should be AAdS. Taking account of eqns(|7|)(^), the AAdS 
boundary condition for the g±± component is specified as 



9±± = o(l). 



(33) 



Next we argue a possibility of asymptotic isometry extension. When 
some of general coordinate transformations make the AAdS metric boundary 
conditions (PU|) (P3"D invariant, the symmetry is called asymptotic isometry of 
the AdS space. From the two dimensional nature one can notice a chance 
for the asymptotic isometry to be raised to a Virasoro symmetry. Let us 
consider a conformal transformation: 



x 



F(x z 



(34) 



where F(x) is an arbitrary function. Then it can be shown that metrices 
satisfing the boundary condition ([}(]) ([33|) are transformed into those which 
also satisfy the same conditions (|3Ti|) fl3"3]) : 



ds 1 



dx' + dx'~ 

9 '9 

fi z X z 



-dx + dx 



+ o(l)dx' +2 + o(l)dx~ 2 + o(l)dx + dx 



( 



1 

H 2 x 2 /i 2 



d 3 F(t) 

z dp 
3 dF V 

dt 



' d 2 F(t) x 2 
dt 2 
dF(t) 
dt 



+o(l)dx +2 + o{l)dx~ 2 + o(l)dx + dx~ + o( 



x 
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Thus from the observation of asymptoticity of AAdS metrices, the asymp- 
totic isometry can be conjectured the Virasoro symmetry (|34]) to which the 
50(1,2) AdS isometry ([□]) belongs as a subgroup. 

This conjecture sounds quite fascinating. But rigorously speaking, in 
order to check whether the asymptotic conformal symmetry really survives 
or not, detailed analysis of the dynamics is needed. In fact, as we will argue 
later, the Virasoro symmetry does not realize in the following AdS dilaton 
gravity. Moreover even for the 50(1,2) AdS isometry it is impossible to 
construct a nonsinglet representation except JT model. 



3 AdS Dilaton Gravity 



Because Einstein gravity in two dimensions has trivial dynamics, some 
matter fields are requested if one wants to construct meaningful gravitational 
models. Here we introduce a scalar dilaton field and write down the most 
general action of the models in which all spacetime solutions are the AdS 
space with R = — 2/i 2 . The models are called AdS dilaton gravity. Imposing 
renomalizability, the action reads 



S 



16vrG 



d 2 Xy 



-g 



<j)R + 4\(V<P) 2 + ^(U e 



- 1 



(35) 



where 4> is dilaton field, G the gravitational constant, A and U are real 
constants. When U Q = and negative A, the model is reduced into the 
Liouville induced gravity model, as is well known. While if we take U Q = 1 
and A — > 0, the model is equivalent with JT model. 

Equations of motion are easily derived from the action. 



R = 8AV> - 2fi 2 U a e 



8X(j> 



(36) 



(<UV 2 - V a V b ) + 4A 



V a 0V b - ^<m(V0) 2 



8A 



U e* 



9ab- 



(37) 
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By taking the trace of eqn(p7|), we obtain 

,2 



V 4A 



U n e* 



Substitution of this into eqn (^) clarifies the nature of the AdS gravity: 



R 



-2p 2 . 



(38) 



In order to find solutions, let us adopt the conformal gauge for conve- 
nience. 



x - 
ds 2 



t ± X, 

-- -e^'^dx+dx-. 



Then various useful relations are available as follows. 

r+ + = 2d +P , 
r:_ = 2d_ P , 

V 2 = -4e- 2p <9+d_, 
R = 8e~ 2p d + d^p. 

In the conformal gauge the equations of motion are reexpressed as 

,2 



» -2p 



<9+<9_p + — e 
4 



0, 



d + d-(f) 



16A 



U n e^ - 1 



d 2 J> - 2d±pd±<p - 4A(«9±< 



0. 



(39) 
(40) 



(41) 
(42) 
(43) 
(44) 



(45) 

(46) 
(47) 



Firstly we concentrate on the case with U D ^ and A 7^ 0. Then general 
static solutions in the conformal gauge are found with follows. 



3 2p 



M 2 



p? sin (Mx) 



-In [Acot(Mx) + B] 

4A 



(48) 
(49) 



where B is a real constant, A and M are real or pure imaginary constants 
satisfing A 2 + B 2 = U D . Note that when U < one cannot get any metric 
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form in a full covered chart with a real and static dilaton configuration. Be- 
cause we have interest only in models with static background solutions, only 
positive U case is later concentrated on. In this case a simple background 
solution is written explicitly as follows. 



,2p 



sin (fxx) 
4A 



1 

4A 



In 



'U cot (fix) 

'Uo 



+ o(x 2 ). 



-fix 



(50) 



(51) 



We can also obtain general solutions in the conformal gauge: 



3 2p 



9+(x + )g-(x ) 



l + ^g+(x+)g„(x-) 



2 ■ 




ag + (x + ) — bg-(x ) + c 
1 + £g + (x+)g-{x-) 



(52) 
(53) 



The most general solutions are obtained by coordinate transforming solutions 
(HXH) arbitrarily. 

Here it should be commented that because the candidate of AAdS isom- 
etry ([34]) is a kind of conformal symmetry, the solutions in the conformal 
gauge form a partial representation sector of the candidate group (|3~4] ) and 
can be investigated separately from nonconformal solutions from the group 
theoretical point of view. Moreover it can be shown straightforwardly that 
the results obtained in the sector remain true even for other nonconformal 
solutions. Therefore we focus later on what happens in the conformal gauge 
sector of the configuration space. 

Among solutions of the sector, general AAdS solutions are picked up as 
follows. 



=2p 



F(x + )F(x- 



2 r i 



e ±(F(x+)-F(x-)) _ e -l(F(x+)-F(x-)) 



2 ■ 



8A V U 



In 

4A 



Ae F ^ + ) + Be^2 + C 

1 _ e F(x+)-F(x-) 



(54) 
(55) 
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It is easy to see that the asymptotic forms: 

2 



, 2 P 



fX 2 X 2 



l + x 
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2 | Z dt 3 

dF 
dt 



d 2 F 
dt 2 
dF 
dt 



4A 



In 



U Ae F ^ + Be~ F ^ + C 



AB 



2(-x)F 



+ 



CF 



4A Ae F ^) + Be~ F V + C 



x + c 



really satisfy the AAdS conditions (|5(J|) (|5BD . 

Next we make up canonical formulation of the model. Firstly let us adopt 
ADM decomposition of the metric. 



ds 2 = -N 2 dt 2 + a 2 (dx + Jdt)' 



dab 



-N 2 + a 2 J 2 a 2 J 
a 2 J a 2 



Then inverse of the metric is given as 



,ab 



1_ _J_ 

N 2 N 2 

J_ J_ _ J 

L N 2 a 2 N 2 



Also extrinsic curvature is defined as follows. 



K = — 

N 



d x J + —d x a — — 
a a. 



Then the action is reduced into the following form. 
S = ^gJ^ 

1 r • 1 1 

L = -— [a-d x {aJ)\ <j>-Jd x (f> + -d x Nd x <, 
A L J a 

-2A|- (0_ Jdx(f) y + 2 \-(d x( p) 2 



N 
H 2 Na 

8A 



(U t 



8\<f> 



1) + surface term. 



(56) 



(57) 



(58) 



(59) 
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From eqnfl59"|) conjugate momentums are denned in the usual way. 

1 

"' ~8tcGN 
1 

~8irGN 

Hamiltonian and momentum constraints arise from differentiation of the ac- 
tion with respect to lapse and shift functions. 

SS_ 

In 



a — d x (aJ) + 4Aa (d> — Jd x (p 



7~Ln = — -rrz 



-87rGn a (n^ - 2Aan a 

' r I -0 



H, 



8nG 
SS 



\a J a 8A v 



e «A _ l 



Tisd x 4> - ad x U a « 0. 



It is also known that the canonical equations of motion come from the 
action: 



where 



Scan = Jdt (J° dx (n d + n^) - #y = i, e x = 0] 

H[e] = f dx (e N H N + e J Hj) + Q[e], 

J — oo 

e N = Ne°, 
e J = e 1 + Je°, 



(60) 

(61) 

(62) 
(63) 



8nGa z 



x=-0 



+ 



87rGa 



-d x 



+ 4\d x 



+ d x e 



Ni 



x=-0 



a(n a - n a ) - n (0 - 

e =Ne° } 
e J = e 1 + Je°. 



x=-0 
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Here we need boundary conditions how the dynamical variables approach 
to the background values. For the general solutions of the dilaton field, we 
make dilaton configurations restricted as 



X 



(64) 



Unfortunately it is not known apriori how fast the dilaton field approches 
to the background value. However, there are two typical cases as follows. 
Firstly we set in general 0o 7^ in eqn fl64 ) . Taking account of AAdS 
conditions of the metric, the boundary condition is expressed as follows. 





1 


N = 






fiX 




1 


a = 






fiX 


J = 


o(x 2 ) 








-Iln 




4A 



+ o(x) 



-fiX 



(65) 

(66) 
(67) 
(68) 



This boundary condition is characterized by a fact that action of the asymp- 
totic isometry candidate (0) on the specified configuration space is close, 
that is, 



1 

4A 



In 



2VTL 



4A 



fi F{x+ 



F(x-) 



+ 



1 



F(x + ) + F(x-)) + o(x 



-fiX 



o (F(t))--lnF(t) + o(x). 



(69) 



From the boundary condition, variations of the dynamical variables in 
order to get the equations of motion are also constrained. 



5a = o(x), 

6(f) = S(f) (t) + o(x), 

SIl a = o(x), 

sn lk = o(i). 



(70) 
(71) 
(72) 
(73) 
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By making the action stationary, we get just one boundary equation of motion 
from the action: 



(74) 



This condition means that 

C = 

in eqn (|55|) . 

Next let us discuss the second boundary condition in which <fi is fixed to 
0, but (pi does not vanish in general. 



N = +o(x). 

fix 

1 

a = h o(x), 

fix 

„2\ 



J = o(x 2 ), 



-In 

4A 



—fix 



+ (j) 1 (t)x + o(x 2 ). 



(75) 

(76) 
(77) 
(78) 



It is noticed that because both AdS and Virasoro transformation (|i~3|) (|3~4|) 
generate a nonvanishing O term, the condition breaks the symmetries ex- 
plicitly. The variational conditions read 



5a = o(x), 

5(f> = 5(f)i(t)x + o(x 2 ) 
5Il a = o(x 2 ), 
Sllcf, = o(x). 



(79) 
(80) 
(81) 
(82) 



In this case we do not have any nontrivial equation of motion on the boundary 
from the action. 

For the above two cases let us consider charges of the asymptotic isometry 
candidate (131). 



Q[e) 



16nG 
1 



-2p(x), 



- g xx ) + 2e x (g tx - g ta 



x=-0 



8ttG 



(e* d x + e x d t -e\p + 4A0) - {dj 



x=-0 



,(83) 
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where 

e 2p = -^— y (84) 
sm {fix) 

g ab dx a dx b = e 2p (-dt 2 + dx 2 ) , (85) 
4A \-fJ-x 

e* = i[e(x + ) + e(x-)], (87) 

e x = \[e{x + )-e{x-)]. (88) 

Substituting the AAdS solutions into Q and manipulating a littel bit, we 
acquire for the both cases 

Q[e) = -^d x 6<P(x = -0,t) 

07TG 



£(( > ° F (89) 



32ttGA Ae^ + Be~ F + C 



For the first boundary condition: (j) ^ 0, all the charges of the Virasoro 
transformation ( |51D vanish exactly: Q[e] =0 due to C = 0. Thus the Vira- 
soro symmetry fl34|) realizes as AAdS isometry, however, the representation 
is just singlet and trivial. 

In the second case with (p = 0, time independence of the charges demands 
that 

C ± 0, (90) 
e(t) = const, (91) 
F ll 



Ae F + Be~ F + C 2\f~AB~' 



(92) 



Thus, as expected, it is concluded that the asymptotic isometry includes only 
time translation. Then the form of AAdS solution is constrained as 



2A 



2 



AAB tanh ^JL- VC 2 - AAB(t + t )j 



■In H x + o(x 

4A \-nxJ WX^/AB V 
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and the conserved energy is given as follows. 

fJL C 



E 



(93) 



64vrGA ^AB 

For negative A and U — 0, the model is reduced into the Liouville the- 
ory with negative cosmological constant. It is a well known fact that by 
integrating out the dilaton field in the action: 

,2 



s 



d X\ 



16ttG 

the original polyakov action] 
1 



-g 



4>R-A\x\{v4>y + 



4IAI 



appears: 



Sn 



d X\ 



-g 



1 R 1 R + fi 
T^V i?+ 4|A| 



16ttG 

In the Liouville case, any static background solution with 

1 



(94) 



(95) 



o2p 



sin (fix) 



cannot exist and the dilaton field has explicit time dependence. However this 
difference between the cases with U a ^ and the Liouville model is not so 
significant, and does not change the results for the case with U ^ if we 
take another background solution: 

1 



ds 



fJ?X 2 



fix 



-4 ln(— fix). 



(96) 
(97) 



Repeating the same analysis of the U ^ cases, it is easily shown that the 
Liouville theory with negative cosmological constant have a singlet represen- 
taion of Virasoro algebra fl34|) as AAdS isometry and a representation where 
only time translation is preserved. 



4 JT Model 

When taking U — 1 and A = the model expresses the JT model: 
S= T ^fd 2 xV^9^R + 2fi 2 ). 



(98) 



15 



In the case general AAdS solutions in the conformal gauge are also ob- 
tained. 



,2p 



F{x + )F{x-) 



2 r i 



(F(x+)-F(x-)) _ e -l(F(x+)-F(x-)) 



2 - 



(99) 



.4 



1 _|_ e F{x+)-F(x-) 
1 _ e F(x+)-F{x~) 

-B- 



e -F{x+) _ e -F(x~) 

They behave near x = —0 like 



+ C- 



F(x-) _ e F(x^ 



(100) 



,2p 



1 



1 (2 1 d 3 F F 2 1 • 



fi 2 x 2 fi 2 \3 F dt 3 F 2 3 
1 



j— — -F + o(x l 



2Fx 

x 

12F 



2A + Be F + Ce~ F 
1 d 3 F 



(2A + Be F + Ce 



F dt 3 

-3F (Be F - Ce~ F ) - F 2 (AA - Be F - Ce 



+ ofar 



In later analysis we take the following static solution among them as a back- 
ground which AAdS solutions are approaching to. 



ds 



- -= g ab dx a dx b = e 2p (-dt 2 + dx 2 ) 
1 



sin (fix) 



—dt + dx A 



1 



cot (/xx ) = h o(x). 

fix 



(101) 
(102) 



The charge of the asymptotic isometry candidate ( jS^D is expressed in this 
case as 



16ttG 
1 



-2?(*); 



- 9xx) + 2e x (gtx - 9ta 



x=-0 



8ttG 



(e l d x + e x d t - (dj) 



x=-0 



(103) 
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where 



1 



[e{x + ) + e{x~)], 
-c(x-)]. 



2 



Just as U 7^ cases, we consider two independent boundary condition 
of the dilaton field. Near x = — the canonical variables are expanded with 
respect to follows. 



N 
J-- 

<\>~- 

n a 



h aAt)x + o(x 2 ) 

fix 

-- — — + Nx(t)x + o(x 2 ) 

fiX 

J 2 (t)x 2 + o(x 3 ) 
" l(t) +x0 1 (t) + o(x 2 ) 



fix 



8nG 
1 



+ (fx<j) - J 2 (f>-i)x + o(x 2 ) 



J2X + fihix 2 + o(x 3 



(104) 

(105) 
(106) 
(107) 

(108) 
(109) 



Here a zeroth order term <f>o(t) in the dilaton field is omitted in order to make 
the charge Q finite. For the first example, 0_i is not fixed to any specified 
value in the configration space. This condition is naturally required if one 
repects the AAdS isometry candidate (|34j) in this level because the dilaton 
solution ([102 ) is transformed as 



fix 



+ o{x) 



0(1) 



X 



+ o(x), 



X 



X £ I X 



(110) 

(111) 



Adopting the boundary conditions, the boundary equations of motion de- 
mand that 



<2i 

Nt = Aq 
<£_i = 1. 







a 

6' 



(112) 

(113) 
(114) 
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These require that 

p=%(2A + Be F + Ce- F ), (115) 



2 

BC-A 2 = 1, (116) 



in eqns(|99|) ( |100| ). Consequently this yields the vanishing charges of the con- 
formal transformation: 

Q[e\ = 0. 

Thus the Virasoro symmetry (|34]) including the AdS isometry ([13]) survives, 
but the representation remains trivially singlet. 

The second proposal for the boundary condition is to fix the asymptotic 
dilaton field as 

0-i = l 

in the configuration space level. This breaks explicitly the Virasoro symmetry 
(|34D except time translation. While no additional constraint arises from the 
boundary equation. Solutions belonging to the specified configuration space 
must satisfy 

F=^(2A + Be F + Ce' F ) , (117) 
<f> = -- + ^(BC-A 2 ) + o(x 2 ), (118) 
e 2p = -^ + \{BC - A 2 ) + o(x 3 ). (119) 
From these relations one can calculate the charge straightforwardly as follows. 

Thus the repesentation of AAdS isometry is nonsinglet, but the symmetry 
consists of only time translation and only energy: 

is conserved. 

Though the standard canonical representations of JT model cannot keep 
nontrivially the 5*0(1, 2) AdS and the Virasoro symmetry (|H|)([I4]) as shown 
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above, it is quite notable that the JT model has a noncanonical but nonsinglet 



representaion of the SO(l, 2) AdS isometry (13) with finite conserved charges. 
Let us consider AdS transformed backgrounds genetated by acting SO(l, 2) 

By selecting the canonical variables approach- 



on the reference solution (fLOl 
ing to the transformed backgrounds different canonical representation sectors 



are generated. Moreover let us adopt the first boundary condition( |107| ) in 
each sector. Combining all the canonical sectors, a hybrid representation for 
the total system can be defined. The hamiltonian which expresses the time 
evolution of the total system is written as follows. 



Hi 



tot 



L 



■ 0®H[e t = l 1 e x = 0,L}®0---®0 (120) 



where 



Q[e,L] 



H[e, L] = Jdx (eH N + e J Hj) + Q[e, L), 



8nGa 2 r 



Ml 



(d x (j) L { 



a — a. 



a L d x { 



+ d x e^a L ( 



x=-0 



a L (Ii a - n a 



n, 



<t>L\ 



x=-0 



and the transformed background qunatities by a SO(l,2) element L are 
denoted a^, 4>l and so on. Note that due to the isometry all the metric 
quantities of backgrounds remain unchanged under the transformation, that 
is, cll = a, Jl = J and N L = N. Here the vacuum in the representation is 
chosen as 



ds 2 v - , 



1 



sin (fix) 



-dt 2 + dx' 



0. 



(121) 
(122) 



Due to the boundary equations of motion, the singlet representation is au- 
tomatically selected and all the solutions take the same value of Q in each 
sector. Thus the value of Q for a certian solution depends only on which 
background sector the solution belongs to. 

The charges of the AdS isometry can be written more explicitly as 



Q[e,L] 



1 



dx + \~ \^ X ) + e * dt ~ {9x£t 



(123) 
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For the reference background solution ( |101| ) ( [102] ) , the charge is calculated 
straight forwardly as 

Q[e,L=l] = --^-e . (124) 

07TG 

Thus the three charges of the AdS symmetry can be conservsed. Among 
the charges of the solution, only energy is nonvanishing and takes a negative 
value of 

Meanwhile, modifing the reference solution ( |102|) by the infinitesimal AdS 
transformtion, the dilaton field responds as follows. 

^=-+f fS+ve), (126) 

= fo + fi sin (//t + <5 S ) . (127) 

This yields deviation of the charge from the value of the background ( |101| ) ( |102j ) 
like 

5 ( Q = ^e 1 ^sm(S i -S e ). (128) 

It means that the reference solution ( |101| ) ( [TTJ2]) belongs to a nonsinglet rep- 
resentation of the AdS isometry. To see it in a finite transformation, let us 
take a AdS transformation L\ : 

Ti = T x cosh uj — X' sinh lu, (129) 
T 2 = T 2 , (130) 
X = A' cosh u; — T l sinhu;, (131) 

in eqns (|T])(0)- Then the dilaton field ( |102[ ) is transformed into 

t cos(fit) 

4>Lt = — cotf/ix) coshu; H — rSinnw. (132) 

and its charge is evaluated as 

Q[e,Li\ = -e -^—coshuj - e x sin S e -^— sinh to. (133) 

57TG 57TG 
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Thus it has been verified that the AdS charges are transformed exactly as a 
vector of the AdS transformation. 

Therefore even though the AdS symmetry cannot be realized in each 
canonical representation sector, one can construct a nonsinglet representation 
by combining the sectors and defining the AdS transformation from one sector 
to another by use of 

e* = e + |-(sin(/ix + + S e ) + sm([xx~ + 6 e )), (134) 

e x = ^-(sin(/ix + + 8 e ) — sin(/ix~ + S e )), (135) 

5(j> = e a V a 0, (136) 
Sg a b = V a e 6 + V b e a . (137) 

Though this hybrid representation is not purely canonical, we want to 
stress that it is a well defined representation with finite and nonvanishing 
AdS casimir operator: 

Therfore it can be argued that JT model have a nontrivial representation of 
the AdS isometry. 

Unfortunately the energy takes only negative values in the representation, 
positive energy excitations of matter fields cannot be incorpolated. If one 
wants positive energy to take part in the dynamics, another representation 
discussed above in which the AdS isometry is explicitly broken must be used. 
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